It has been demonstrated theoretically and experimentally that Green's function between two receivers can be retrieved from the spatial correlation of an ambient noise field. While studies on the spatial correlation of ambient noises have been mainly conducted in the frequency domain, the retrieval of Green's function has been done in the time domain. Recently, it was pointed out that both studies could be connected via the inverse Fourier transform. In this paper, a systematic study of theoretical relations is conducted between the spatial correlation and the Green's function of wave equation in 1-, 2-and 3-D random scalar fields under an assumption that mutually uncorrelated plane waves are incident on two receivers from various directions. Different relation is obtained for a different dimensional case: Integration, Hilbert transform and differentiation have to be operated on the normalized spatial correlation to retrieve Green's function for 1-, 2-and 3-D, respectively. It is reconfirmed that the Green's function can be retrieved from the spatial correlation between two receivers only for isotropic random fields. The effect of the anisotropy of incident waves on the retrieval of Green's function is evaluated analytically. Even for the anisotropic incident waves, it is possible to retrieve Green's function from the spatial correlation by taking an azimuthal average in 2-D and a spherical average in 3-D.
R E L AT I O N S B E T W E E N S PAT I A L C O R R E L AT I O N A N D G R E E N ' S F U N C T I O N
Here we derive theoretical relations between spatial correlation in a random scalar field and the time-domain Green's function of the wave equation. As shown in Fig. 1 , we consider a case that mutually uncorrelated plane waves are incident on two receivers located at x 1 and x 2 from various directions. The scalar wavefield at the receivers due to the plane waves are denoted as u(x 1 , ω) and u(x 2 , ω) in the frequency domain, respectively, where ω is angular frequency. A normalized spatial correlation, which should be rigorously called the spatial autocorrelation coefficient of the field, C 1,2 (r, ω) is defined as
where means the ensemble average, * is complex conjugate, and r = x 2 − x 1 . For the last equality, the spatial stationarity of the field as |u(x 1 , ω)| 2 = |u(x 2 , ω)| 2 is assumed. Our derivation starts from the normalized spatial correlation, which has been usually used in previous papers studying the spatial correlation in the frequency domain (e.g. Aki 1957 ). On the other hand, the spatial correlation itself, not normalized, have been usually used in theoretical studies on the retrieval of time-domain Green's function (e.g. Wapenaar 2004) . Practically, the normalization may have an advantage to remove the effect of source time functions as long as the spatial stationarity of the wave field holds. In addition, the normalization is equivalent to deconvolution as shown in Section 4.2.
By the inverse Fourier transform of (1), the normalized spatial correlation in the time domain is C 1,2 (r, t) ≡ 1 2π
This time function is assumed to be real. In the following, analytical expressions are presented between the normalized spatial correlation in the time domain and Green's function of wave equation
for 1-, 2-, and 3-D random scalar fields, where r = |r| is the separation distance between the two receivers, t is the time, c is the wave velocity, and G(r, t) is the Green's function.
1-D case
We start from the 1-D case. Two sinusoidal plane waves are assumed to be incident from positive and negative directions. A crucial assumption is that both waves are mutually uncorrelated. We also adopt the constant wave velocity irrespective of frequency and no attenuation. Though the dispersion of wave velocity can be included, it may be harder to obtain analytical expressions.
In this case, the normalized spatial correlation function of the wavefield can be expressed in the frequency domain as :
The coefficients of A and B are the power of waves propagating in positive and negative directions, respectively, and are normalized as A + B = 1. It is found that cross terms are cancelled out due to the assumption of random phase. The inverse Fourier transform of (3) leads to an expression in the time domain as
If the energy is equally partitioned into the two waves as A = B = 1 2 , the normalized spatial correlation function can be expressed from (3) as :
x1 x2
Mutually uncorrelated plain waves Receiver1 Receiver2 The relation was already derived in Aki (1957) . The corresponding expression in the time domain is
Here, we note that Green's function for wave equation in 1-D is
(e.g. Snieder 2001) where H(t) is the Heaviside's step function.
Comparison of this with the normalized spatial correlation leads to the relation,
Therefore, the Green's function can be retrieved from the integral of the normalized spatial correlation of a random scalar field in 1-D. So far, we could not find a paper to point out this fact.
2-D case
We consider a geometry shown in Fig. 2(a) . According to previous studies (e.g. Teal et al. 2002; Cox 1973; Henstridge 1979) , the normalized spatial correlation in a 2-D random wavefield can be described in the frequency domain as : where i is the imaginary unit, J m (r ) is the mth-order Bessel function of the first kind, φ 21 is the azimuth of a direction pointing to x 2 from x 1 and
where p(φ) is the probability density function for the power of incident waves with respect to an azimuth of wave propagation direction (φ).
Because p(φ) should be real, γ −m = γ * m . Then, (10) can be expressed as:
where Re means the real part and ε m is the Neumann factor which is equal to 1 for m = 0 and is equal to 2 for otherwise. For the inverse Fourier transform, the relation (33 in Cox 1973; p. 486, 11.4.24, Abramowitz & Stegun 1970 ) is useful:
where T m (t) = cos(m arccos t) is the mth-order Chebyshev polynomial of the first kind. By using the relation, the following relation can be derived:
We assume the equal partitioning of the power into waves with various incident angles as p(φ) = 1 2π
. For the case, γ m = δ m0 with δ Kronecker's delta. Then in the frequency domain,
is obtained from (12), where H ) is the 0th-order Hankel function of the first kind and that of the second kind, respectively. This relation was also shown in Aki (1957) . Bessel function is asymptotically equally weighted sum of an outgoing and an incoming cylindrical waves. Therefore, it is interesting to note the analogy of this equation to eq. (5) in 1-D.
In the time domain, the following relation is obtained:
Now we consider the relation between it and the Green's function for wave equation in 2-D as 
where H stands for the Hilbert transform, and H =⇒ means that the Hilbert transform of the left side of the symbol is the right hand side. By the application of the relation, we have
Therefore, the Green's function can be retrieved from the Hilbert transform of the normalized spatial correlation function of a random scalar field in 2-D. It should be noted that the isotropy of incident waves is necessary to obtain Green's function from spatial correlation in a 2-D random field.
3-D case
We consider a geometry shown in Fig. 2(b) . According to previous studies (e.g. Teal et al. 2002; Cox 1973) , the normalized spatial correlation function of a random wavefield can be expressed in the frequency domain as:
where j n (r ) is the nth-order spherical Bessel function of the first kind, θ 21 is the zenith and φ 21 is the azimuth of a direction pointing to x 2 from x 1 . Y nm (θ , φ) is the spherical harmonics defined as
where P |m| n (cos θ ) is the associated Legendre polynomials of the first kind. The expansion coefficient is
where p(θ , φ) is the probability density function of the power of incident waves with respect to solid angle ( ) of wave propagation direction. (20) can be expressed as
For inverse Fourier transform, the relation (52 in Cox 1973; p. 486, 11.4.26, Abramowitz & Stegun 1970) can be used,
where P n (t) is the nth-order Legendre polynomial of the first kind. Application of the relation leads to:
Similar to 1-and 2-D cases, we assume the isotropic incidence as p(θ, φ) = 1 4π
. For the case, the following relation can be obtained from (23):
where h ) is 0th-order spherical Hankel function of the first kind and that of the second kind, respectively. Spherical Bessel function is asymptotically equally weighted sum of an outgoing and an incoming spherical waves. It is interesting to note the analogy to eqs (5) and (15).
For the case,
By differentiating it,
Now we consider the relation between it and the Green's function. Green's function for wave equation in 3-D is
(e.g. Snieder 2001 ). Then,
Therefore, the Green's function can be retrieved from the differentiation of the normalized spatial correlation function of a random scalar field in 3-D. This fact was already pointed out by Roux et al. (2005) .
E F F E C T O F A N I S O T RO P I C I N C I D E N C E O N T H E R E T R I E VA L O F G R E E N ' S F U N C T I O N
In the previous section, it was found that Green's function of wave equation can be retrieved from the normalized spatial correlation when waves are isotropically incident. Then, what time function is retrieved from the normalized spatial correlation when the isotropic incidence is not realized?
1-D case
For the case of the anisotropic incidence in 1-D, the normalized spatial correlation function are not symmetric and has two peaks with different amplitude at t = ± r c as proved by (4). However, Green's function can be retrieved.
2-D case
For 2-D, we only have to take the Hilbert transform of eq. (14). Here, analytical expressions are presented, which may be useful to evaluate an artefact (or ghost image) in the retrieved Green's function. There is a Hilbert transform pair (p. 253, 15.3 (7), Bateman manuscript project, 1954) as:
for m = 1, 2, . . . , where U m−1 (t) =
sin(m arccos t) sin(arccos t)
is the (m − 1)th Chebyshev polynomials of the second kind. Though the termwise integrability is not assured, the following formal relation can be obtained:
This function has non-zero amplitude for |t| < r c
, which is the ghost image. The anisotropic incidence breaks the causality of the function and has bad effects on the retrieval of Green's function.
3-D case
For 3-D, the differentiation of the spatial correlation is necessary. Differentiation of the both sides of (25) leads to
By using the relation
we have
The second term is a ghost image caused by the anisotropic incidence.
Defect in the analytical expressions
Our analytical expressions successfully evaluate the ghost image which breaks the causality of the Green's function. However, we have to note a defect in the analytical expressions both for 2-and 3-D. For 2-D case, γ 0 is 1 because p(φ) dφ = 1. Therefore, Green's function seems to be retrieved for any distributions following (32). For 3-D case, β 00 is 1 because p(θ, φ) d = 1. Therefore, Green's function seems to be retrieved for any distributions following (35). The expressions may be correct when the probability density function p(φ) and p(θ , φ) is continuous between φ = 0 − 2π and θ = 0 − π . Otherwise, the expressions may not be correct. The point is exemplified in the next subsection. 
Numerical check for the applicability of the analytical expressions
Here, we numerically investigate the applicability of the analytical expressions (32) for 2-D cases. For the simulation, the non-dimensional timet = ct r and the non-dimensional amplitude of functions
are introduced. When waves are incident uniformly from a limited azimuthal range between φ 0 − and φ 0 + , the expansion coefficient is (Teal et al. 2002) . When φ 21 = 0 • and φ 0 = 60 • , the following 5 cases are tried: (a) = 180
• and (e) = 0.1
• .
In Figs 3 (a) -(e), the normalized spatial correlation and its Hilbert transform are calculated based on (25) and (32), and are shown by a dashed curve and a solid curve, respectively. Summations are taken up to m = 10 000. The traces are calculated at every 0.01 in the normalized time. Here, only the time range |t| < 1 is focused, because our analytical expressions wrongly expect that Green's function can be retrieved for any cases for |t| > 1, which is a defect in the analytical expressions described in Section 3.4.
For the case (a), that is the isotropic incidence, the spatial correlation function is exactly same as eq. (16). We find singularities at |t| = 1, which produce the correct Green's function for |t| ≥ 1. Hilbert transform of the normalized spatial correlation is zero for |t| < 1, which means that no ghost appears in the Green's function. For the case (b), three discontinuities are found in a dashed curve: two step-like ones at |t| = |cos(60 • ± 90 • )| = √ 3/2 and one att = 1. Its Hilbert transform has two ghosts at |t| = √ 3/2 and produce one-sided Green's function fort ≥ 1. For the case (c), two discontinuities are found in a dashed curve, which produce two ghosts in its Hilbert transform. Green's function cannot be reproduced for the case. This is because no waves come from the region of constructive interface as shown in Snieder (2004) .
For the case (d), the normalized spatial correlation resembles the boxcar function, of which two discontinuities produce ghost in its Hilbert transform. Reasonably, the Hilbert transform resembles the Hilbert transform of the boxcar function. Green's function cannot be reproduced for the case, too. For the case (e), the normalized spatial correlation resembles delta function. Therefore, the Hilbert transform of it resembles the Hilbert transform of delta function. Green's function cannot be reproduced for the case, too. If = 0
• is assumed, waves are incident from only one direction. Probability density function p(φ) becomes delta function at φ 0 = 60 • and the normalized spatial correlation function is also delta function att = 0.5. However, the delta function δ(φ − φ 0 ) cannot be expressed by a finite number of γ m , and both of the normalized spatial correlation and its Hilbert transform do not converge and artificial oscillation remains. However, characteristics of the traces may be approximately grasped. From the investigations, the analytical expression is considered to be very efficient when the probability density function p(φ) can be expanded with a smaller number of the expansion coefficient γ m . However, even if the probability density function p(φ) is discontinuous within |t| < 1, the analytical expressions give good approximations for |t| < 1 and are useful to evaluate the ghost image caused by the anisotropic incidence.
D I S C U S S I O N

Elimination of the ghost caused by the anisotropic incidence
Here, we discuss a way to eliminate the ghost caused by the anisotropic incidence. In 2-D, Aki (1957) verified that the integration of normalized spatial correlation with respect to azimuth φ 21 can eliminate the ghost. This is reconfirmed as follows. The integration of γ m with respect to φ 21 is 2π 0 γ m dφ 21 = 2πδ m0 and leaves only the term of J 0 . Practically, it is necessary to use a seismometer array in which a station is at the centre and others are on a circle with different azimuths φ 21 .
Similarly, the ghost can be eliminated in 3-D by taking the integral of normalized spatial correlation with respect to the solid angle. This is confirmed as follows:
and leaves only the term of j 0 . Practically, it is necessary to use a seismometer array in which a station is at the centre and others are on a sphere with different solid angles. Henstridge (1979) and Cho & Shinozaki (2003) pointed out a clear and solid meaning of the normalized spatial correlation. Following these studies, a brief explanation is described in the following. A time-invariant linear system is considered. In the frequency domain, an input to and an output from the system are assumed to be u(x 1 , ω) and u(x 2 , ω), respectively. For the case, the following relation can be set up
Meaning of the normalized spatial correlation
where H (r, ω) is the transfer function of the system. From the minimization of the variance |u(x 2 , ω) − H (r, ω) u(x 1 , ω)| 2 , the transfer function is estimated to be
The transfer function is found to be the same as the normalize spatial correlation C 1,2 (r, ω). Thus, the normalized spatial correlation is not a subterfuge as referred to by Roux et al. (2005) but the transfer function of a linear system with an input u(x 1 , ω) and an output u(x 2 , ω). Therefore, it is comprehensible that Green's function (i.e. impulse response) can be retrieved from the normalized spatial correlation.
C O N C L U S I O N S
In this paper, coherent descriptions are presented between the spatial correlation and the Green's function of wave equation under an assumption that mutually uncorrelated plane waves are incident from various directions in 1-, 2-and 3-D. For the retrieval of the Green's function, integration, Hilbert transform and differentiation have to be operated on the normalized spatial correlation for 1-, 2-and 3-D, respectively. And it is found that the Green's function can be retrieved from the spatial correlation only for isotropic incidence of waves. Analytical expressions are presented for the effects of the anisotropy of incident waves on the retrieval of Green's function. Even for the anisotropic incident waves, it is possible to retrieve Green's function from the spatial correlation by taking azimuthal average in 2-D and spherical average in 3-D, when a suitable array of seismometers is available.
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